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Abstract  
A joint mixture fraction - enthalpy probability density function (PDF) is proposed for the simulation of turbulent 
spray flames. The Interaction-by-Exchange-with-the-Mean (IEM) model for gas-phase flows is extended to describe 
the molecular mixing in both non-reactive and reactive spray flows. Standard spray and turbulence models are used 
to describe the remaining gas flow characteristics and the liquid phase. The spray flamelet model is implemented to 
treat the detailed chemical reactions. Results for methanol//air and ethanol/air spray flames are compared with both 
experiment and previous RANS computations. 
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Introduction 
Liquid fuels are used in practical combustion 

systems such as internal combustion engines, gas 
turbines, liquid-fueled rockets, and they significantly 
contribute to our energy supply. The combustion 
efficiency, combustion stability, and pollutant formation 
of these systems strongly depend on the character of the 
turbulent spray, and an improved understanding of 
turbulent spray combustion systems is required.  

The PDF (probability density function) method is a 
powerful tool to investigate turbulent non-reactive and 
reactive flows. It treats the chemical reaction source 
term without any assumptions on turbulent fluctuations 
[1-4]. Therefore, the PDF method is very attractive for 
turbulent combustion modeling. They are a very active 
and fruitful research area [5]. PDF methods were 
introduced into the field of multiphase flows in the 
beginning of the 1990's.  They were used to describe the 
dispersed phase [6], gas phase [7-12], or all liquid-phase 
and gas-phase random variables [13-16]. For the 
reactive cases, only Taut et al. [11] used detailed 
chemistry. Others [7,10,12] employed one-step global 
reaction mechanism. 

In the authors’ previous work, a single scalar PDF 
[18] and a joint velocity-scalar PDF [19] were proposed 
for the simulation of turbulent non-reactive spray flows. 
The latter PDF aims to improve the velocity prediction 
of the spray flow.  

The present work concerns a joint enthalpy-mixture 
fraction PDF is developed to simulate the turbulent 
spray flames. Chemical reactions are implemented 
through use of the spray flamelet model [17] for 
turbulent combustion, where spray flamelet libraries for 
methanol/air and ethanol/air combustion are 
implemented.  

The numerical results are compared with both 
experimental data and former Reynolds-averaged 

Navier-Stokes (RANS) simulations and with 
experimental results.  
 
Mathematical Model 
     We define an one-point one-time Eulerian, mass-
weighted joint probability density function (PDF), 
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!  is the gas density. The transport equation of the PDF 
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where 
i
V  is the gas velocity in the sample space. In the 

present work, a joint enthalpy - mixture fraction PDF, 
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T , is proposed for reactive spray flows. 

The corresponding transport equation is: 
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where 
i
V  is the gas velocity in the sample space; 

1,l
S  

and 
hl

S
,

 are the source  terms due to spray evaporation; 

M
!  and 

h
!  are the mass and energy exchange 

coefficients, respectively. The terms on the left hand 
side appear in closed form, including the terms of time 
derivative, convection, and spray sources for the total 
mass, 

1,l
S , and for enthalpy, 

hl
S
,

. The terms on 

the right hand side represent the molecular diffusion 
flux of mixture fraction and enthalpy in sample space, 
which depend on the multi-point information; they need 
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Fig. 1: Contour plot of gas temperature, marked 
positions show where PDFs are evaluated. 

to be modeled. In the present work, the interaction-by-
exchange-with-the-mean (IEM) model [18] is used 
which is extended to account for interaction of the gas 
with the spray. The evolution equation of mixture 
fraction and enthalpy is written as: 
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The last terms in Eqs. (4) and (5) account for the 
interaction with the spray. 

The present joint enthalpy – mixture fraction PDF 
transport equation is solved using a Monte-
Carlo/Lagrangian particle method. Mean variables 
appearing in the PDF transport equation are supplied 
by the RANS method and the spray computation. 
Physical models include extended k-ε model for 
turbulent spray flows, Abramzon-Sirignano model, 
stochastic separated flow (SSF) model, and infinite-
conductivity model for droplets. The RANS method, 
spray models, and corresponding numerical method are 
described in detail in [20]. With the Monte-
Carlo/Lagrangian particle method, the gas flow is 
discretized into a large number of gas particles. Each 
gas particle has the properties of   
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are the mass, position, and considered quantities 
(mixture fraction and enthalpy), respectively. The 
evolution of the Lagrangian particles is tracked. 
Numerical issues of the Monte-Carlo method are 
detailed in [18]. 

Detailed chemical reaction mechanisms are 
implemented through a spray flamelet model [17]. In 
the present work, it consists of 23 species and 168 
elementary reactions for methanol/air combustion, and 
38 species and 337 elementary reactions for the 
ethanol/air system. The laminar spray flamelet library 
has been pre-calculated for counterflow spray flames 
[21,22].  Each flamelet is characterized by the mixture 
fraction and its dissipation rate as well as initial droplet 
size, initial droplet velocity, and equivalence ratio. 
Dirac-Delta functions are assumed for the initial droplet 
size, initial droplet velocity, and equivalence ratio. The 
instantaneous dissipation rate of a gas particle is 
sampled from a logarithmic-normal distribution. Then 
the compositions of this gas particle are determined by 
linear interpolation of the data stored in the spray 
flamelet library. Furthermore, the temperature of this 
gas particle is computed from its enthalpy and its 
composition. Thus, the gas particles contain information 
of mass, mixture fraction, enthalpy, composition, and 
temperature. The mean variables are evaluated as the 
mass-averaged value of the gas particles’ property. 

 
Results and Discussion 

A joint enthalpy and mixture fraction PDF model is 
used to simulate both a methanol/air and an ethanol/air 
spray flame. Detailed combustion mechanisms are 
implemented through the spray flamelet model. The 

laminar spray flamelet library [21] has been pre-
calculated using detailed transport and a detailed 
chemical reaction mechanism with 23 species and 168 
elementary reactions [24] for methanol/air and 38 
species and 337 elementary kinetic reactions [24] for 
ethanol/air.  
 
Methanol/Air Spray Flame 

A steady, two-dimensional, axi-symmetric, reactive 
turbulent liquid jet without swirl is modeled. A dilute 
methanol spray is injected into the turbulent air. 
Experiments have been performed by McDonell and 
Samuelsen [23], and the results are available for 
comparison with the simulations. The spray burner is 
described in detail in [23]. The experimental data at x = 
7.5 mm are taken as inlet profiles for numerical 
computations. The measurements at the other 
experimental positions are compared with the numerical 
results.  

Figure 1 shows the contour plot of the gas 
temperature computed by the joint mixture fraction - 
enthalpy PDF method. The gas temperature plot reveals 
some corrugation of the flame front as well as a cold 
spray core. In the regime near the axis where the spray 
evaporates, there is a cold region due to vaporization, 
and the flame resides in the mixing layer.  

Figure 2 displays the experimental and numerical 
results of the mean gas velocity (left) and the methanol 
vapor mass fraction (right). The left part of Fig. 2 shows 
that the results of the PDF method are in good 
agreement with the experimental data. The mixing 
model constant, 

! 

C" , c.f. Eqs. (4)-(5), has little influence 
on the gas velocity profiles. The results with 

! 

C" =1.0  
and 

! 

C" = 2.0  are almost identical, while the results 
with 

! 

C" = 5.0  are slightly different. Improvement 

Fig. 2:  Contour plot of gas temperature, marked 
positions show where PDFs are evaluated. 
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Fig. 4: Comparison of the transported PDF, the 
standard b PDF, and modified b PDF of the mixture 
fraction at positions B (left) and C (right). 

Fig. 5: Marginal PDF of the gas enthalpy at various 
positions. Left: x = 50 mm. Right: x = 150 mm. 

Fig. 3:  Joint PDFs of mixture fraction and enthalpy at 
positions I (top left), B (top right), D (bottom left), and 
K (bottom right). 

would be obtained if the velocity field in the PDF 
results were computed from a joint velocity - mixture 
fraction PDF model instead of the k-ε model [19]. 
Unfortunately, there are no experimental values of the 
fuel vapor mass fraction at higher distances of the 
centerline where the simulations predict a second peak. 
It is difficult to judge from the methanol vapor plots 
whether the results with the standard or the modified 
model constant are better. Therefore, all following 
results are produced using the standard value 2. 

Figure 3 shows contour plots of the joint mixture 
fraction – enthalpy PDF at various positions, c.f. Fig. 1. 
Position I resides at the central line where mixing is just 
initiated, the mean value of the mixture fraction is about 
0.03 as can be seen from the figure. At this position, the 
mixture fraction and enthalpy are statistically 
independent. The samples of gas phase enthalpy show a 
wide range of values between -4 kJ/g and almost zero 
which is contributable to the evaporation of droplets in 
this region. The mixture fraction and the enthalpy are 
far away from being statistically independent at position 
B, which is located in the main regime of both 
evaporation and combustion. This is also true for 
position D shown in Fig. 3, which locates in the area of 
the turbulent mixing inside the boundary layer. A linear 
dependence of the mixture fraction and the enthalpy is 
found at the position K. Evaporation of droplets is 
completed and combustion and mixing associated with 
an almost linear variation of both mixture fraction and 
enthalpy is found. The figures clearly demonstrate that 
we find the entire range of correlation coefficient 
between zero and unity. Therefore, the commonly used 
assumption of statistical independence is anything but 
justified, in particular, if spray flames with their strong 
coupling of evaporation and combustion are considered. 

Figure 4 shows a comparison of the transported PDF 
and the presumed PDFs at various positions. It is 
obvious that the bimodal shape cannot be represented by 

the standard β function,  
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The standard β function assumes that the maximum 
value is unity and the minimum value is zero, which is 
not true in evaporating spray flows [18]. The present 
study reveals that the same situation occurs under 
reactive conditions. The modified β function suggested 
in [18] for non-reactive spray flows, 
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introduces another two parameters to describe the 
bounds of the local mixture fraction, 

! 

"
c,min and"c,max . 

The modified β function gives better approaches to the 
PDFs computed using Monte-Carlo method. 
Unfortunately, the physical meanings of the parameters 
ξc,max and ξc,min is not yet clear. Therefore, it is difficult 
to construct physical models for them. This task will be 
pursued in the future investigations. 

The second marginal distribution of the joint PDF is 
the enthalpy shown in Fig. 5. It is seen that the peaks 
from positions A-B-C-D and F-G-E-H are reversed due 
to the energy consuming evaporation of droplets. The 
profiles of enthalpy are coarser due to the high values of 
enthalpy compared to the mixture fraction. 

The present model is able to predict the pollutant 
emission. Figure 6 shows contour plots of carbon 
monoxide (left) and carbon dioxide (right) mass 
fraction. A comparison of Fig. 6 with the gas 
temperature contour plot displayed in Fig. 1 shows that 
carbon monoxide does not persist in the highest 
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Fig. 8:  Photograph of the 
flame 

Fig. 9:  NO-LIF measurements (left) and numerical 
simulation (right) of gas temperature 

Fig. 6: Contour plot of the carbon monoxide (left) and 
carbon dioxide (right) mass fractions. 

Fig. 7: Contour plot of the hydroxyl radical (left) and 
formaldehyde (right) mass fractions. 

temperature regimes but in more moderate temperature 
areas whereas CO2 prevails in high-temperature regions. 
This is due to the fact that the major chemical reaction 
being responsible for the consumption of CO is 

 

! 

CO +OH"CO
2

+H                      (8) 
 

with a very high activation energy. In fact, this reaction 
is the rate controlling chemical reaction step.  

Figure 7 shows the OH radical on the left-hand side. 
Here it is obvious that OH is consumed in the region 
where CO persists. Typically, the OH attains maximum 
values in regimes where gas temperature attains high 
values. OH is sometimes used as an indicator for the 
flame position, and it is accessible to experimental 
methods, in particular, to laser induced fluorescence 
(LIF). Here the OH is consumed in the region where CO 
attains its maximum values. This is a result of the 
overall stoichiometry of the flame. The equivalence 
ratio equals three, and the fuel rich flame has CO in 
excess compared to OH so that the reaction in Eq. (7) is 
retarded. The right hand side of Fig. 7 shows the 
formaldehyde contour plot, and it is seen that it prevails 
in moderate temperature areas, which is typical for this 
species. 
 
Ethanol/Air Spray Flame 

A spray jet flame burner has been set up to 
investigate the ethanol flame [25]. Compared to a 
conventional simple jet flame burner, it has no bluff 
body and no pilot flame for stabilization to facilitate 
numerical computations. The obscurations caused by 
the fluid mechanics are avoided. The nozzle produces a 
hollow-cone spray. A multi-hole plate around the nozzle 
generates a homogeneous co-flow. A stable flame was 

obtained by pre-
heating the ethanol to 
45°C at the nozzle 
exit. The air co-flow 
velocity was varied 
between 0 and 0.64 
m/s. Close to the 
nozzle exit, the 
droplet size 
distribution and 
droplet velocity 
distribution of a non-
reactive ethanol/air 

spray without co-flow are measured using phase 
Doppler anemometry (PDA). The gas temperature in an 
ethanol/air spray flame is measured using multi-line 
laser-induced fluorescence technique. The case of 
injection pressure p = 2.0 bar is used for the comparison 
of experiment and simulation. A joint enthalpy and 
mixture fraction PDF model is employed to simulate the 
ethanol/air spray flame. 

Figure 8 shows the photograph of the spray flame, 
which has two separate reaction zones. Different from 
other spray burners where the two reaction zones are 
formed due to recirculation zone, the inner flame and 
outer flame are the results of different evaporation and 
combustion stages Part of the liquid ethanol vaporizes 
immediately after atomization. The ethanol vapor mixes 
with the entrained air, and then the inner flame 
develops. The remaining ethanol droplets penetrate the 
surrounding airflow. When the expanding inner flame 
front gets close enough to the spray, evaporated fuel is 
ignited by hot products of the inner flame; thus, the 
wing-like outer flame is formed. 

Figure 9 shows the contour plot of the time-averaged 
gas-phase temperature field from NO-LIF measurement 
and PDF simulation. The wing-like flame structure is 
predicted in the simulation. However, discrepancies are 
observed regarding the location of the outer flame 
kernel. The experiment shows that the kernel of the 
outer flame develops with an open angle, while the 
present method predicts a vertical flame kernel. This 
may be due to the coarse droplet size and velocity 
distribution in the experimental data. The distribution of 
droplet size and axial velocity used in the present 
computation for initial conditions has assumption, 
which is plausible in the non-reactive case, is 
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Fig. 11: Contour plot of the 
ethanol vapor mass fraction 

Fig. 12: Contour plot of the 
mass fraction of acetylene. 

Fig. 10: Radial profiles of gas-phase temperature 

questionable in the 
reactive case where 
the interaction of 
spray and flame is 
significant.  

Figure 10 shows 
the profiles of the 
gas-phase temperatu-
re at different heights 
above the nozzle: x = 
6mm, 10mm, 20mm, 
and 25mm. Symbols 
are the measurement 
of multi-line NO-
LIF. The solid lines 
indicate the numeri-
cal results of the 
present PDF method. 
The dashed lines 
indicate the numeri-
cal results of RANS 
modeling [25]. The 
PDF method gives 
considerably better 
agreement than the 
RANS modeling. 

The hot wings of the 
spray flame are pre-

dicted by the PDF method (c.f. the section x = 20 mm). 
RANS modeling over-predicts the flame width, and it 
fails to predict the two reaction zones. According to the 
experimental data, the temperature gradients at the edge 
of the flame are very high. This phenomenon is well 
predicted by the PDF method, whereas the RANS 
modeling gives smoother and flatter profiles. Discre-
pancies in the PDF modeling mainly result from the 
unknown liquid flux and turbulence quantities at the 
inlet profile. The predicted temperature profile at the 

section x = 6 mm is broader than the experimental data. 
It may be due to the k-ε model, which usually over-
predicts the spreading speed of the jet flow [4]. 

 Figure 11 shows the computed mass fraction of 
ethanol vapor. The physical width of the plot is 60 mm. 
Near the nozzle, part of the ethanol evaporates 
immediately. The vapor mixes and reacts with the 
entrained air, forming the inner flame. The remaining 
spray particles move and evaporate simultaneously. 
Ethanol vapor from this stage mixes with the entrained 
air and enhances the inner flame. When the temperature 
around the penetrated spray is high enough, the 
remaining spray evaporates faster. A considerable 
amount of ethanol vapor is formed and ignited by the 
inner flame. Then the outer flame develops. 

Figure 12 displays the corresponding plot of the 
mass fraction of acetylene. Soot precursors typically are 
products of the buildup process of acetylene, an 
intermediate product of fuel pyrolysis. Although some 
precursors may be formed via fast cluster growth of 
polycyclic aromatic hydrocarbons (PAHs), the evidence 
suggests that formation via fast polymerization of 
polyenes or formation directly from acetylene could be 
important pathways as well [26]. Apparently, the 
formation mechanism of acetylene is much simpler than 
PAHs. Therefore, acetylene is widely used as soot 
precursor in soot modeling, especially in engineering 
modeling [27]. Simplified models, such as Hiroyasu’s 
two-step soot model [28], takes fuel vapor as soot 
precursor. Many phenomenological soot models (e.g. 
[29]) take acetylene as soot precursor, if a single global 
reaction of fuel pyrolysis leading to acetylene is 
included [29], or acetylene has been considered in the 
chemical reaction mechanism as the present ethanol/air 
combustion mechanism does. Therefore, the present 
model is suitable for future soot modeling in the 
turbulent spray flames. The profile of acetylene is 
similar to that of ethanol vapor, which implies that 
acetylene is only formed where the equivalence ratio is 
relatively high. This is also part of the reason why 
Hiroyasu’s model is applicable. Some differences in the 
profiles of ethanol fuel and acetylene can be observed. 
For instance, acetylene shows a more homogeneous 
distribution than ethanol vapor, i.e., the spatial gradient 
of ethanol vapor is higher; near the nozzle, there is little 
ethanol vapor predicted while acetylene does. These 
features will result in different performance of the soot 
models using fuel vapor or acetylene as soot precursor. 
As discussed before, acetylene as soot precursor has a 
solid physical meaning. The models using acetylene 
instead of ethanol vapor as soot precursor are more 
reliable, and their correct prediction is required. 

 
Conclusions 

A joint mixture fraction – enthalpy PDF transport 
equation has been derived and modeled for the 
simulation of turbulent spray flames. It is coupled with 
RANS equations and with the flamelet model for 
turbulent diffusion flames where laminar spray flamelet 
libraries are employed. It appears that commonly used 
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assumptions of statistical independence or linear 
dependence are not justified for mixture fraction and 
enthalpy. A comparison with experiment and previous 
RANS computations demonstrates the great improve-
ment with the present model. Moreover, its ability to 
predict pollutant formation in spray flames is presented. 
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